According to Katětov (1988) , for every infinite cardinal m satisfying m n ≤ m for all n < m, there exists a unique m-homogeneous universal metric space U m of weight m. This object generalizes the classical Urysohn universal metric space U = U ℵ 0 . We show that for m uncountable, the isometry group Iso (U m ) with the topology of simple convergence is not a universal group of weight m: for instance, it does not contain Iso (U) as a topological subgroup. More generally, every topological subgroup of Iso (U m ) having density < m and possessing the bounded orbit property (OB) is functionally balanced: right uniformly continuous bounded functions are left uniformly continuous. This stands in sharp contrast with Uspenskij's 1990 result about the group Iso (U) being a universal Polish group.
Introduction
Some of the most interesting examples of non-locally compact topological groups studied recently are groups of automorphisms of countably infinite ultrahomogeneous Fraïssé structures [17, 18] as well as their continuous analogues, including the group of isometries Iso (U) of the Urysohn universal separable metric space U [37, 11, 27] .
There has been not much work done for non-separable versions of the above concepts. A notable exception is a classification by Lieberman [19] 
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the permutation group S(Γ) of a set Γ of an arbitrary infinite cardinality. Of course S(Γ) is the automorphism group of a Fraïssé structure with empty signature. The aim of this note is to point out that for a non-trivial signature the uncountable case may pose new challenges.
Our case in point is the Urysohn universal metric space. One of the central observations about this object is Uspenskij's result [36] stating that the group Iso (U) is a universal Polish group: every second-countable topological group is isomorphic with a suitable topological subgroup of Iso (U). At the same time, the question of existence of a universal topological group of a given uncountable weight m remains open to the day. In fact, it is open for any given cardinal m > ℵ 0 .
In this connection, it is rather natural to begin by examining the group of isometries of a non-separable version of the Urysohn space constructed by Katětov [16] under the following assupmtion on the cardinal m: sup {m n : n < m} = m.
For instance, ℵ 0 and every strongly inaccessible cardinal m are such. And GCH implies the above property for every infinite successor cardinal m = n + .
Assuming (1) , there exists a unique up to an isometry complete metric space U m of weight m, which contains an isometric copy of every other metric space of weight ≤ m and is < m-homogeneous, that is, an isometry between any two metric subspaces of density < m extends to a global self-isometry of U m . In particular, U ℵ 0 is just the classical Urysohn space U [34, 35] .
The topological group of isometries Iso (U m ), equipped with the topology of simple convergence, has weight m, and was suggested as a candidate for a universal topological group of weight m by Iliadis (a private communication, 2006).
Somewhat surprisingly, it turns out not to be the case. Recall that a topological group G has the property (OB) (from the French for "bounded orbits") [33] if all the orbits of continuous actions of G by isometries are bounded. We show that every subgroup G of Iso (U m ) having density < m and possessing the property (OB) is necessarily a functionally balanced group: every left uniformly continuous bounded function on G is right uniformly continuous. In particular, if such G is either metrizable or locally connected, then its left and right uniformities coincide, or, equivalently, G has a basis at identity consisting of conjugation-invariant open sets. (Topological groups with this property are known as SIN groups.)
This is a serious restriction, which shows, in particular, that for uncountable m the group Iso (U m ) does not even contain a copy of the topological group Iso (U). In Uspenskij's terminology [37] , an isometric embedding of the Urysohn space U into the space U m (which is essentially unique up to a global isometry of U m ) is not a g-embedding.
The techniques of our proof come from an earlier work [32, 31, 21] on another challenging open problem [13, 14] Here we will outline the main features of the space U m as relevant to our results. The details of the construction can be found in [16] and [37] . See also Chapter 3 in [11] , [22] , [27] , or Chapter V in [30] for the separable case.
A 1-Lipschitz real-valued function f on a metric space X is a Katětov function (although such functions were already thoroughly studied by Flood [9, 10] ) if for every
In particular, it follows that f always takes non-negative values. It is easily seen that Katětov functions are precisely the distance functions to points in metric extensions of X. In other words, f : X → R is Katětov if and only if there exist a metric space Y containing X as a subspace and a point y ∈ Y with f (x) = d(x, y) for each x ∈ X. (It may in particular happen that y ∈ X.)
Katětov functions can always be extended from metric subspaces as follows. Let X be a metric space and A a metric subspace. Let g : A → R be a Katětov function. Then the formula g ↑X (x) = inf{g(a) + d(x, a) : a ∈ A} (2) defines a Katětov function g ↑X on X, known as the Katětov extension of g over X. This g ↑X is the largest among all 1-Lipschitz functions on X assuming prescribed values on
If a Katêtov function f on X is of the form f = (f | A )
↑X for some A ⊆ X, then we will say that f is controlled by A. In this case, the values of f on X can be restored by knowing the values of f at the points of A.
For a metric space X, denote E(X) the collection of all Katětov functions on X equipped with the supremum metric. Since for any x, x 0 ∈ X and f, g ∈ E(X) one has |f (x) − g(x)| ≤ f (x 0 ) + g(x 0 ), the metric is well-defined on E(X) (that is, the supremum of |f (x) − g(x)| over x ∈ X is always finite), unlike on the larger space of all 1-Lipschitz functions.
If m is a cardinal number, E m (X) denotes the subspace of E(X) consisting of functions controlled by subspaces of cardinality (equivalently: density) < m. The density of E m (X) does not exceed sup{d(X) n : n < m}, where d(X) denotes the density of X.
The space X isometrically embeds into E 1 (X) (and thus in every E m (X)) in a canonical way, through the Kuratowski embedding
Suppose X is a metric space of weight m. Consider the chain of iterated extensions E τ +1 
one obtains an embedding of X into a complete metric space U m of density m which has the following version of the one-point extension property: if Y is a subspace of U m of density < m and f is a Katetov function on Y , then there exists a point x ∈ U m with f = d(x, −). A transfinite variation of a usual back-and-forth argument establishes that a space U m with such properties is unique and < m-homogeneous. It follows from the construction that U m is also universal for spaces of weight ≤ m. Notice that for m ≥ c (that is, under our assumption (1), for uncountable m) the metric space union of the transfinite chain (3) will be automatically complete.
3 Neighbourhoods of identity in subgroups of Iso (U m )
The group Iso (U m ) of isometries of the space U m is a topological group if equipped with the topology of simple convergence on U m . A neighbourhood basis at identity consists of all sets of the form
where x 1 , . . . , x n is a finite subset of U m and ε > 0. It is not difficult to verify that the weight of Iso (U m ) is exactly m.
The following observation is crucial for our subsequent proof.
Lemma 3.1 Let m be an infinite cardinal satisfying (1) , and let G be a subgroup of Iso (U m ) of density < m. The sets
form a neighbourhood basis at the identity for the topology of G.
PROOF. Without loss in generality replace G with a dense subgroup of cardinality < m. Now let x 1 , x 2 , . . . , x n ∈ U m and ε > 0 be arbitrary. We will choose y ∈ U m and γ > 0 so that
Let D be the diameter of the set X = {x 1 , x 2 , . . . , x n }. Assume D > 0, for otherwise there is nothing to be proved. Choose γ > 0 so that γ ≤ ε, γ < D/3, and the open balls of radius nγ around the points x i , i = 1, 2, . . . , n, are pairwise disjoint. The function f (x i ) = D + iγ, i = 1, 2, . . . , n, is 1-Lipschitz on X, and moreover a Katětov function. Use the same letter f to denote the Katětov extension (f | X ) ↑Um over the entire space U m (cf. Eq. (2)).
. We obtain the following property of f :
Denote A the union of G-orbits of the points x 1 , . . . , x n . The one-point property of the space U m implies the existence of a point y ∈ U m with d(y, a) = f (a) for each a ∈ A. We claim that
. To see this, suppose d(y, gy) < γ. One has for every x ∈ A:
Applying this to x i , i = 1, 2, . . . , n, we obtain f (gx i ) < D + (i + 1)γ and consequently, modulo Eq. (4),
Since g is an isometry, the choice of γ assures that for i = k the images gx i and gx k belong to two distinct balls as above. Assigning j = φ(i), where j is the center of the ball B (i−j+1)γ (x j ) containing gx i , we get an injection from 1, 2, . . . , n to itself with the property φ(i) ≤ i. This means gx i ∈ B ε (x i ) for all i, as required.
Balanced and functionally balanced groups
To fix the notation, we agree that the left uniform structure of a topological group G has a basis of entourages V L = {(x, y) ∈ G × G : x −1 y ∈ V } where V runs over neighbourhoods of the identity. To obtain the right uniform structure, one replaces A real-valued function f on G is said to be left uniformly continuous if it is uniformly continuous with regard to the left uniform structure. Equivalently, given ε > 0, there is a neighbourhood of identity V with |f (x) − f (y)| < ε whenever x −1 y ∈ V . A function f is right uniformly continuous if the same conclusion holds as soon as xy −1 ∈ V .
A topological group G is called functionally balanced, or sometimes FSIN ("functionally SIN") if every right uniformly continuous bounded function on G is left uniformly continuous.
Clearly, every balanced topological group is functionally balanced. The converse implication has been established for locally compact groups [13] , metrizable groups [31] , and locally connected groups [21] , among others. Rather surprisingly, in the general case it remains an open problem, known as "the Itzkowitz problem." For a recent survey with references, see [6] .
Here is a useful criterion of FSIN property. In the terminology of [21] , this is the case where every subset A of G is a neutral set. We will somewhat strengthen the above result. A subset A of a topological group G is left uniformly discrete if it is uniformly discrete with regard to the left uniform structure. In other words, there is a neighbourhood of the identity V such that, whenever a, b ∈ A and a = b, one has aV ∩ bV = ∅. Equivalently, there is a left-invariant continuous pseudometric ρ on G with regard to which the distances between pairs of distinct points in A are uniformly bounded away from zero.
Lemma 4.1 A topological group G is functionally balanced if and only if for every left uniformly discrete subset A ⊆ G and each neighbourhood of identity V there is a neighbourhood of identity U with UA ⊆ AV .
PROOF. It suffices to establish sufficiency of the condition, and we will accomplish this by appealing to Protasov-Saryev theorem 4.1. Let A be an arbitrary subset of G, and let V be a neighbourhood of identity. Choose symmetric W with W 4 ⊆ V , and let B be a maximal subset of AW with the property that for all a, b ∈ B, a = b, the sets aW and bW are disjoint. Then clearly A ⊆ BW 2 . Since B is left uniformly discrete, by hypothesis there is a neighbourhood U of the identity with the property UB ⊆ BW .
Now one has
as required.
Remark 4.1 It is a trivial observation that if a functionally balanced topological group G is dense in a group H, then H is functionally balanced as well.
We mention two of the known results about when functional balance implies the SIN property.
Theorem 4.2 (Protasov [31]) Every metrizable functionally balanced group is SIN.

Theorem 4.3 (Megrelishvili-Nickolas-Pestov [21]) Every locally connected functionally balanced group is SIN.
For some further recent developments, see [5, 2] .
Functional balance of some groups of isometries of U m
A topological group G has property (OB), or topological Bergman property, if every continuous left-invariant pseudometric on G is bounded, or, equivalently, if every orbit of each continuous action of G by isometries on a metric space X is a bounded subset of X. Many examples of such groups can be found in [33] . They include, among others, all Bergman groups [4] , such as the infinite permutation group S ∞ , even equipped with the discrete topology; the unitary group U(ℓ 2 ) with the uniform (hence also with the strong operator) topology; and the isometry group of the Urysohn sphere (that is, a sphere in the Urysohn space).
Here is our main result. PROOF. In view of Remark 4.1, we can assume without loss in generality that the cardinality of G does not exceed m. Let A ⊆ G be a left uniformly discrete subset of G, and let V be an arbitrary neighbourhood of identity in G. We will find a neighbourhood W of identity with the property W A ⊆ AV .
Without loss in generality, we can assume that V is symmetric and that
whenever a, b ∈ A, a = b. Using Lemma 3.1, select x ∈ U m and ε > 0 so that
Let (Ax) ε denote the open ε-neighbourhood of the set Ax in U m :
Notice that if a = b, then open ε-balls around ax and bx do not intersect. Indeed, if
This implies a = b in view of (5).
Let D be a positive number greater than both the diameter of Ax and 4ε. Let F stand for the complement to (Ax) ε in U m . Now define a 1-Lipschitz function f : U m → R as follows:
Since the open ε-balls around elements of A are pairwise disjoint, the values of f are bounded from below by D − 2ε. Since 2(D − 2ε) > D, it follows that f is a Katêtov function. The one-point extension property of U m modulo the fact that the G-orbit of x has cardinality ≤ m assures the existence of a point z ∈ U m such that
Let w ∈ W and a ∈ A be arbitrary. Since w only moves z by a distance strictly less than ε/3, the triangle inequality assures that the values of f on wax and on ax differ by strictly less than ε. One has f (ax) = D − ε, and therefore f (wax) < D. We conclude: wax ∈ (Ax) ε . Put otherwise, there is b ∈ A with d(wax, bx) < ε, or equivalently, wax ∈ B ε (bx). This in turn means that wa ∈ AV [x; ε] ⊆ AV , as required. Now we obtain examples of Polish topological groups which admit no embedding into the group Iso (U m ) for m uncountable.
1. Denote U the unit sphere in the Urysohn metric space. The group Iso (U ) is both metrizable and locally connected (in fact, homeomorphic to ℓ 2 [23] ), has property (OB) ( [33] , Theorem 1.5) and is not SIN, which of course follows from the fact that it is a universal Polish group [36, 37] , but is most easily verified directly. Thus, Iso (U ) is not contained in Iso (U m ).
2. The group S ∞ of all permutations of a countably infinite set ω, equipped with the topology of simple convergence on ω with a discrete topology. This group is Polish and has Bergman's property, hence the property (OB).
The group Homeo([0, 1]
ℵ 0 ) of homeomorphisms of the Hilbert cube equipped with the topology of compact convergence, because it is a non-SIN Polish group with property (OB) [33] .
The group U(ℓ
2 ) with the strong operator topology has property (OB) [1] , is Polish and is not SIN.
On the contrary, note that the same group U(ℓ 2 ) with the uniform operator topology is a metrizable SIN group of weight continuum, and so embeds into Iso (U m ) for m uncountable by force of our Theorem 6.1 below.
5. It follows in particular that the (universal Polish) group Iso (U) of isometries of the Urysohn metric space admits no embedding into U m as a topological subgroup.
Concluding remarks
We believe that this work just lifts a small corner of the curtain that conceals an unusual nature of the topological automorphisms groups of ultrahomogeneous structures in the non-separable case.
It would be interesting to characterize topological subgroups of the group Iso (U m ) for uncountable m. Here are two additional results in this direction.
Theorem 6.1 Let m to be an infinite cardinal satisfying (1) . Every metrizable SIN group of weight ≤ m embeds into Iso (U m ).
The proof employs Katětov functions in the same way as in Uspenskij's classical argument for embeddings into Iso (U) [36, 37] . Namely, the action of G is recursively extended from E τ m (X) to E τ +1 m (X), and the continuity of the extension is assured by the following observation.
Lemma 6.1 Let G be a group acting by isometries on a metric space X, let V be a neighbourhood of identity in G and ε > 0. Suppose the following property holds:
(⋆) whenever x ∈ X and v ∈ V , one has d(x, vx) ≤ ε.
Then (⋆) also holds for the action of G on E(X) (the left regular representation defined by g f (x) = f (g −1 x)).
PROOF. Let f be a 1-Lipschitz function on X. One has
To finish the proof of Theorem 6.1, fix a bi-invariant metric on a metrizable SIN group G which generates the topology. For every value of ε > 0, the property (⋆) holds for the action of G on itself by left multiplication, with V = B ε (e). The same is therefore true for the iterated action of G on U m = ∪ n<m E (n) m (X), and it follows that this action determines a topological group embedding of G into Iso (U m ).
We do not know whether every SIN group of weight ≤ m embeds into Iso (U m ). At the same time, not all subgroups of Iso (U m ) are SIN, as follows from our next result. PROOF. Let f be a 1-Lipschitz function on X controlled by a subset A of cardinality < m. Given an ε > 0, set
This V is a neighbourhood of identity in G by force of our assumption on the group, and if g ∈ V , then for each a ∈ A one has |f (ga) − f (a)| < ε. This condition, in its turn, assures that for every x ∈ X and g ∈ V one has |f (gx) − f (x)| < ε, and so the action of G on E m (X) is continuous.
Non-discrete [7] and even non-SIN [28] topological groups as above exist and have been used to produce counter-examples with various exotic combinations of properties.
One may ask: is the group Iso (U m ) (path) connected, just like the group Iso (U) is (cf.
[23])? Locally connected?
The group Iso (U m ) is extremely amenable (has the fixed point on compacta property), as follows from results of [29] (Theorems 6.5 and 6.6). It would be interesting to verify whether the space U m has the following, closely related, property. An ultrahomogeneous (that is, < ω-homogeneous) metric space X is oscillation stable (see Chapter 8 in [30] ) if every finite partition γ of X contains an element A ∈ γ whose each ε-neighbourhood A ε , ε > 0, contains an isometric copy of X. A famous result of Odell and Schlumprecht [25] says that the unit sphere in the Hilbert space is not oscillation stable (has distortion), while a recent remarkable theorem of Nguyen Van Thé and Sauer [26] (based on an earlier work of Lopez-Abad and Nguyen Van Thé [20] ) establishes the oscillation stability of the unit sphere of the separable Urysohn space U. Is the unit sphere of the space U m , m > ℵ 0 oscillation stable?
Further, Hjorth has proved [12] that no Polish group is oscillation stable when it is acting on itself by left translations, and his proof was considerably simplified by Melleray [24] (for relevant definitions, see either any of the above papers, or else Chapter 8 in [30] ). It remains unknown whether the result holds true for arbitrary topological groups, and the group Iso (U m ) (m uncountable) looks like a natural candidate to explore in this regard. (Here, as before, U m denotes the unit sphere in U m .)
One can also study non-separable analogues of the Rado universal graph R (that is, a universal ultrahomogeneous metric space whose metric takes values in {0, 1, 2}), as well as other types of Fraïssé structures. Their groups of automorphisms can serve, in our view, as potential candidates for an example of a functionally balanced group that is not SIN.
One way to obtain non-separable ultrahomogeneous Fraïssé structures is through the ultraproduct construction. For instance, under CH the metric ultrapower of the Urysohn space U with regard to any non-principal ultrafilter on the natural numbers (cf. [3] ) is easily shown to be isometric to the space U c . (For closely related, deeper results, see [8] ). When do groups of automorphisms of saturated non-separable continuous logic models of various metric structures exhibit different behaviour from the separable case? One important example where this does not happen is that of the unit sphere of a separable Hilbert space.
